Definite Integration R4 1/14
EFR 4 Definite Integration(p273)
Sigma Notation: The sum of n terms y y = f(x)

a4, a,, as, ...a, iswritten as
n
Zai=a1+a2+a3+---+an ftxi)
i=1
AERENXEFS The definite integral as
the area of a region.(p274)

If f(x) iscontinuous and nonnegative on
the closed interval [a, b], then the area is:

/

b
Area = ff(x)dx / a b
a —» | AXi —
FARBREXEFRSD If f(x) is defined on the closed interval [a,b] and the limit of
n b
Jim > fenn = [ redx 1
Sl 2 A flx) =2x
is called the definite integral of f{x) from a to b. )
4 J(Xi
— . 1
Example: Evaluate the definite integral fo 2x dx 7
Solution ¥[ab]X (8% A4 nty, BHE—"NKHA
. S—MIKFH: +
= _ba_1
T Ax = — =
5 f(x) =a+2iAx = 2i/n
1 n n . >
S—f2d—1' Z(-)A—l' Z(&-E) 1
N xx_Agch_l?o_ fxi x_Aalcr—l?ol nn _4M4_
0 =1 i=1
n 1
_ 20 2042+-+n)  2[zA+mn|
= lim — = lim = lim ———=
N—00 £ n2 n-oo nZ n—-oo n2
=1
n+n?
= lim =04+1=1
n-o N
ERDBIER(p276)
a b a
ff(x)dx=0 ff(x)dxz—ff(x)dx
a a b

ff(x)dx=ff(x)dx+ff(x)dx
fkf(x)dx=kff(x)dx

b b b
[retgmax= [ feodxs [ gedx

X
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b
f f)dx=0 if f (x) is integrable and no negative on [a, b]
a

b b
f Fx) dx > f g)dx  iff(x) = g(x)on [a b]

R4 {EE I Mean value theorem for integrals(285)

If f(x) is continuous on [a,b], then there exists a number cin [a,b] such that

y

b
ff@ﬁh=f@Xb—®

\
)

fle)

8]
AF=-=--
ol

Mean value rectangle:

.mm—a=fﬁnﬂ
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41 i@i'%#ﬁ)ﬁ 22/1} ﬁ (p2 82 )the fundamental theorem of calculus

If f(x) is continuous on [a,b] and F(x) is an antiderivative of f(x) on [a,b],
then

b X
d
[ r@ax=r@lt = o) - F@ d—<f £(©) dt) = f®)

Proof: [EFRAE]

MR AOES, [ f(©) AR EE ADFEb] EHEFS . MRS LR b ME
TEMALE (b~ 1), BEE—NETRS LRMES. EX— R

F(6) = [, f(©) dt (T _EBRERS-T p288).,

AR EXEFORIXZAERDEXHfONERHNEE, F2fONRSE
#. BT PR ITERILHAFORES (ORRSRE.
[REKRSHT] f

F(x+Ax)—F(x)= li

x+Ax X
F'(x) = lim m forwdt, rdt r
Ax—0 Ax Ax—0 Ax

x+Ax | fle)
i 1 ( ) d mean value theorem .
= lim — t)at >
Ax—0 Ax f x<c<x+Ax '
x a o b
x+Ax

flc)Ax = f f@®dt=>F'(x) = Al,icr_r}of(c) = f(x)  Mean value rectangle:

h
EAIERRITAS: https://youtube/pWit0AvUoKA (@b —a) = J flx) dv
TR p283 F RIN—FERTE, XA

JrE+EEIEIE .

Example: Evaluate each definite integral.

Ji o [g-a] - G-9)-(-3) -5

/4

/4
J (Seczx)dx=[tanx] =1-0=1
0 0


https://youtu.be/pWtt0AvU0KA
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. 3 y
Example: Using the fundamental ye22— 342
theorem to find area i
Find the area of the region bounded by
the graph y = 2x% — 3x + 2, the x-axis, 3L
and the vertical lines x =0and x = 2.
2 -
1 -
} } I I x
I 2 3 4

Area—J 2x> — 3x + 2) dx

2'%

_ [i o
3 2
16
= (? —6+4
_ 10
3
R ¥ A F19{E Average

value of a function(p286)
If f(x) isintegrable on [ab],
the average value of f(x) on
the interval is

b
1
m-[f()()dx

)~

g

(0—0+0)

The area of the region bounded by the graph
of y, the x-axis,x = 0,andx = 21is3

IO
Integrate between x = O and x = 2.
Find antiderivative.

Apply Fundamental Theorem.

Simplity.

Average value

[ .
7
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Example: Find the average value of f(x) = 3x? — 2x on the interval [1,4]

Solution The average value is 1

) . w0l (4,40)
L d -1 3x%2 —2x)d
b—aff(x) x_4—1[( T x) x 30 + f(x)=3x2—2x
a 1
1 1
=§[x3—x2]‘f=§[64—16—(1—1)] 204
: I

48
- 10 + ' | Average
N 3 =16 1| value = 16

(1, 1 :
1 2 3 4

x| BREFR S Definite Integral with Variable as Upper Limit(288)

The Definite Integral as a Number The Definite Integral as a Function of x
Constant F is a function of x.
b X
16 d A = | s a
T fisa / fisa
Constant function of x. Constant function of t.
RoER (BRI
X d X
P = [ F@de . [ [ r dt] =
0 0

Example: Evaluate the function
X
F(x) = j costdt as x=mn/6 and /2
0
Solution
X
fcostdt = [sint]§ = sinx —sin0 = sinx
0
F(m/6) =sinm/6 =1/2
F(m/2) =sinm/2 =1
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Exercise 1: Evaluate the following definite integrals as a limit

f&xi)

3

3

ff(x)dx=f(x+1)dx

1 1
Solution ¥[ab]X (&4 nf}, EHZE
—MNKTTR . B—DINKTTR:

b—a 3—-1 2

n n  n

xp=a+1-Ax=1+1-Ax
X=a+2-Ax=1+2Ax
xi=a+i-Ax=1+1i"Ax

Ax

s
%’,g(;%

fx)=x+1

\4

fxp))=x+1=0A+i-Ax)+1

2
=24i-Ax=2+1i—
n

i =
x; =1+ Ax

3 n
= f(x +1)dx = lim Zf(xi)Axi
Ax;i—0 £
1 i=1
n n
i 2 4 4
< 2 ) - 2 e
Ax—0 £ n Ax—0 ¢ n n
=1 =1
4 4) (

4
( +—+t
n n

(4 + 4n)n
(471) 2
n

n2
2
4+ lim—+1lim2=4+0+2=6

n-oon n—oo

2
2+i-—) = lim = lim

n

)

4144244 40

)

bed N
=1

)

+ lim

n—-oo

lim

n—-oo

2+ 2n

=4+ lim 2

n—oo

+ lim

n—-oo

lim

n—-oo

Exercise 2: Evaluate the limit

lim Zn:f(xi)Axi = ff(x)dx
1 a

Ax;—0 ¢
l=

Over the region bounded by the graphs of the equations.

fx)=x+2,y=0x=0,x=3
Solution Ax=22=30_3
n n n
x1=0+1-Ax
x, =042 Ax
xi=0+i-Ax

fxi))=x;+2=i-Ax+2=i(3/n)+2

§= Al;@ozf@im = LH;OZ [U% * 2)%]
[(1 -) ] + llm Z [(2) ]

DN

n

=

ﬁMz
fut

+ lim

n—-oo

[(1

= lim

n—oo

n n

4
—+ lim

n—-oo

i=2
X, =1+ 2Ax

n .
4i

n2
i=1

/ A}

o

6 6
[—+—+~--+—]
n

N\ L‘}
i=\ FEot(V-ax) j’(m) stz
A=) %= D{‘E M) 'j-Pﬁ < 28t

Ai= Db 18X lﬁ)*wmﬁ-l

6
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, 3 (1+n)n33
lim [(1+2+ +n)——]+6— lim [————-——|+6
n—oo n—-oo 2 nn
(n+n2)9 9 21
— +6—11m[ (E+1)]+6=E+6=_

n—»oo n—oo 2

Exercise 3: Fill in the table to evaluate the definite integrals as limits

5 2 3 /2
1
(3x + 10) dx Vx dx —dx sinx dx
J fre Jr |
a= | b= Ax = Xy = X, = x; = flx) =
-1 15 6/n -1+1(6/n) -1+2(6/n) -1+i(6/n) 7+18i/n
0 2 2/n 0+1(2/n) 0+2(2/n) 0+i(2/n) J2i/n
1 3 2/n 1+1(2/n) 1+2(2/n) 1+i(2/n) n/(n+2i)
14 T T in
0 n/2 | m/2n 0+1[£] 0+2[Z] 0+i[%] sin%
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Exercise 1: Evaluate the following definite integrals as a limit

f&xi)

3 3
1ff(x)dx=f(x+1)dx

Solution #[a,b]X (854 n 4y, BHE
—MNNKFR., 8—NMINKFE:
fx)=x+1
b—a
Ax = =
n
xl =
xz =
Xi =
f(x) = >

Exercise 2: Evaluate the limit

b

lim Zn:f(xi)Axi = ff(x)dx
i=1

Axi—0

a
Over the region bounded by the graphs of the equations.
f)=x+2,y=0x=0,x=3

Solution Ax =
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Exercise 3: Fill in the table to evaluate the definite integrals as limits
5 2 /2

-1

3
1
f(3x+10)dx J-\/}dx f;dx f sinx dx
0 1 0

a= | b= Ax = X = Xy = X; = flx) =
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Exercise4: (p293) Evaluate the definite integral of the algebraic function.

1 £3 1
9.] (t?2 —2)dt = (— - 2t>
_1 3 1

-(-2)- ()

_—10
K
2 %3 x2 2 x2 2
10.f (6x*—3x)dx =(6——-3—| =(2x3-3—
L 3 2 ), 2,
=(2-23 322 (2 31>
B 2 2
19
)
1 1
11.f (2t — 1)2dt =f (4t — 4t + 1)dt
0 0

£3  t2 !
=(4——4—+1¢
(1545,

—41 41+1—1
3 2 3

1 4 1
12.f (t3 — 9t)dt =|——09t?
_1 4 9

13._[12 (;—2— 1) dx = .];2(3x‘2 — 1dx
(54, -G ),
-(5-7)-(5-Y)

-2 o43t1=1
2 2

14. j_l (u - u—lz) du = j_l(u —u"?)du
-2 —2
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1 1
==—1-24-=-2

2 2
4 u—2 4
15.f ( )du =.f (u1/2 — Zu_l/z)du
1\ Vu 1
3 1\*%

uz ) uz 2 3 1\*
= —2— =|—-uz2 — 4uz2
3/2 “1)2 (3” v )1
1

3 4
16.f v13dy B ( v3
-3 - s

3
4
1 1
17.f (Vt —2)dt =f (t/3 - 2)dt

8 2 8
18.f Zdx =2 | x™V%dx
1 X 1

X

1

=2v2(V8 -V1) =8-2V2

Exercise 5: (p293) evaluate the definite intergral of the trigonometric
function.

= (x —cosx)}

= (m —cosm) — (0 — cos 0)
=n+1-0+1

=2+nm

= (2x + sinx)g

= (2m + sinm) — (0 + sin 0)
=2r+0—-0-0

=27

Y
27.j (1 + sinx)dx
0

Y
28.j (2 + cosx)dx
0
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29 fn/41_Sin20d9 B f”/‘*coszede B fn/4d9
Jo cos? 6 ), coszeT T,
= (6)* = /4
20 f"/”‘ sec? 6 i |- f"/‘* sec? 6 16 = "/4d9
Jy tan?6+1 )y secze T ),
_ /e _T
=(60)y" = 7
= (tanx)’_rff/6

/6
31. f sec? x dx
-1/6

(V3/3) — (—V3/3)

2V3

/2
32.f (2 — csc? x)dx

/4

3
(2x + cot x)zfi

G)

[n + cot (g)] - [% + cot

=n+0—-=--1
)
/3 /3
33f 4secOtan B do =(4sec€)n/3 =( 4 >
/3 ~m/3 " \cos 0/ _n/3
4 4

cos = - cos =~
3 3

1 1
43 ~4/)=0

/2
34.j (2t + cos t)dt
—1/2

t2 /2
<2 = + sin t> = (t? +sint)
—-1/2

2
©
(%)2+1—(%)2+1=2

/2
—1/2

i n] (_n)2+ . T
sin > [ > sin 2]

Exercise 5: (p293) find the value(s) of c guaranteed by the Mean Value
Theorem for Integrals for the function over the given interval.

45. f(x) = x3, [0,3]

c=5=

V4

3(2 _ X
c>(3-0) 7,

4
3 _3
3c —4=>c

f©Ob-—a)= f03x3dx

4,3

3
3 3
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3 3
1070 OG-0 = [ Sdx=9 [ xax
=—3’ [1'3] 1 1
X 9 23
SB-1D=9 <_—2>
1
2 -1\ -1 -1 -1 1 8
3 (ﬁ)l =23 209 1872° 18
18 9 3(9
e =2(g)=3¢= |3
9 9
i7;/];(x)[4 . fe)(—-a)= f Vxdx = f x12dx
=x, [4, \ X
3\°? 0
x2 2 3
Ve —4) = (ﬁ) - (5x2>4
4
2/3 3 2 38
e =30 -4) 3@ - =3
38\% 1444
‘= (E) ~ 225
48.f (x) _ 6 42 1 6
Con g f@0-o=[ Tac=g] var
c? 1/x3\°
(7)e-0-3(5)
0
6c2=63/3 =c?2=6%/3
c=+6/V3=4+2V3
(c = —2v/3 is not on the interval)
c=2V3
49. f(x) n
4
— 2sec?y [T f)(b—a)= fﬂZSeczxdx
= 2sec“x, | 12 m
2sec?c (S) =2 %n
sec“c (2) (tanx)T
msec’c =2(1+1) =4
secc =,/4/nt  (—4/4/mis not on the interval)
c = xarcsec(y/4/m) or c= iarccos(?)
50. f(x) r
— cosx [_E E] f)(b—a)= fEcosxdx

2T .3
cosc (?) = (sinx)Zg
3

cosc(zg):g_(__\/g>=\/§

3v3

cosc = —
2T
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_ 4 3v3
¢ = tarccos( o )

p296-107,108,109,110



